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ABSTRACT 

UPLAZ c a l c u l a t e s  t h e  composition of an uranium plasma 

as a f u n c t i o n  of plasma tempera ture  and p r e s s u r e .  The plasma 

is assumed t o  be i n  local  thermodynamic e q u i l i b r i u m ,  Iso- 

e l e c t r o n i c  ground s t a t e  s t a t i s t i c a l  we igh t s  a r e  used as 

uranium i o n  e l e c t r o n i c  p a r t i t i o n  f u n c t i o n s  . C o r r e c t i o n s  f o r  

the lower ing  of atomic and i o n i c  i o n i z a t i o n  p o t e n t i a l s  are 

inc luded .  A maximum of twelve deg rees  o€ i o n i z a t i o n  can  be 

c a l c u l a t e d .  T h i s  l i m i t s  the program t o  rnaxirnum tempera tu res  

i n  t h e  range  of  9 0 , 0 0 0  O K  t o  150 ,000  O K ,  depending on the 

p r e s s u r e .  The i n d i v i d u a l  plasma s p e c i e s  a r e  computed i n  

t e r m s  of p a r t i c l e  d e n s i t y ,  p a r t i a l  p r e s s u r e ,  and p e r c e n t  of 

t o t a l  p a r t i c l e s  . 
The program i s  w r i t t e n  i n  FORTRA?? I V  f o r  t h e  IRM 360/50. 
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'PHYSICAL PROBLEM 

I n  per forming  a n u c l e a r  a n a l y s i s  o r  r a d i a t i v e  heat 

' t r a n s f e r  a n a l y s i s  of t h e  high t empera tu re  gaseous-core or 

c a v i t y  reactor t y p e s ,  t h e  p lasma e f f e c t s  i n  t h e  gaseous core 

r e g i o n  become important a t  t e m p e r a t u r e s  above a few thousand 

degrees  Kelvin.  I n  o r d e r  t o  account  f o r  these e f f e c t s ,  it 

is necessa ry  t o  de te rmine  t h e  composi t ion of an uranium 

plasma a s  a f u n c t i o n  of plasma t empera tu re  and p r e s s u r e .  
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MATHEL”.IATI CAL FORXILATION 

Basic Equations for Arbitrary Temperatures 

An uranium plasma in loca l  thermodynamic equilibrium 

is characterized by the following s e t  of equilibrium ion- 

ization and recombination reactions. A maximum of twelve 

degrees of ionization is considered. 

UO Z U+ + e 
U+ Z u++ + e 

++ U++f + e U 

u(i+l) + + e 

I*++ e ull+ -P + u  

where 

UO = neutral uranium atom 

Ui = i - times ionized uranium ion 
e = electron 

The relation between the number of ions and electrons in 

an equilibrium ionization-recombination reaction is described 

by the following Saha equation. 



-4- 

2 A  m, k ~ ) 3 / 2  'i+l Ni+l N e  = ( Ei/"T 
9 - e -  

N: h' 
A .& 

where 

= d e n s i t y  of (i+l) - *i+l 
Ni = d e n s i t y  of i - tinies 

N e  = d e n s i t y  of e l e c t r o n s  

me = e l e c t r o n  mass 

k = Boltzmann's c o n s t a n t  

h = P l a n c k ' s  . cons tan t  

T = plasma terngerature 

ui+l = p a r t i t i o n  f u n c t i o n  

t i m e s  i o n i z e d  uranium 

i o n i z e d  uranium 

of (i+l) - t i m e s  i o n i z e d  uranium 

= p a r t i t i o n  f u n c t i o n  of i - times i o n i z e d  uranium ui 
= i o n i z a t i o n  Dotential  f o r  t h e  r e a c t i o n  Ei 

ui+ -+ u(i+l)+ + e 

Due t o  t h e  e l e c t r i c a l  n e u t r a l i t y  of t h e  plasma, t h e  

n e t  charge  is ze ro ,  T h i s  ba l ance  i s  expres sed  as 

T o t a l  n e g a t i v e  charge  of e l e c t r o n s  = Total p o s i t i v e  charge of 

i o n s  

12 
Ne = 1 Z i  Yi  

i = O  
where 

( 3 )  

= charge  of i - t h  uranium ion.  'i 

The t empera tu re ,  p r e s s u r e ,  and t o t a l  p a r t i c l e  d e n s i t y  

are related by t h e  equa t ion  of s t a t e  f o r  a p e r f e c t  g a s .  The 
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t o t a l  p r e s s u r e  i s  t h e  sum of the p a r t i a l  p r e s s u r e s  of t h e  

i n d i v i d u a l  s p e c i e s  as given by 

P = c P i  
i 

kT = 1 NikT = NekT + 1 NikT 
i = O  TOT N 

i ( 4 )  
1 2  

= N  + 1 Ni e i = O  N~~~ 

where NTOT = t o t a l  p a r t i c l e  d e n s i t y .  

The r i g h t  side of t h e  Saha e q u a t i o n  ( 2 )  i s  dependent  on 

t h e  t empera tu re  and is given by 

11 Ei/kT 
e -  2n m, k T)3 /2  - i+l Ki(T) f 2 ( 

U i h2 

The i - t h  Saha e q u a t i o n  i s  then  w r i t t e n  as 

J. Ni 

(5) 

Combining ( 3 )  ( 4 1 ,  and ( 6 )  g i v e s  t h e  complete  se t  of e q u a t i o n s  

d e s c r i b i n g  t h e  plasma composition. 
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N 
= K: Ni+l e 

A 

N i  

= ICl2 N13Ne 

N12 

13 
Ne = 1 ZiNi  

i=l 

13 
= N e  t 1 Ni NTOT 

i=l 

(7-i) 

(7 -12)  

(7 -13)  

(7 -14)  

Note that each uranium index (i) has been increased by one, so 

that within the formulation of the numerical expressions of the 

program, the following definitions are used. 

N1 = density of Uo in particles/cc 

N2 = density of U in particles/cc + 
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N13 = d e n s i t y  of U 12+ i n  p a r t i c l e s / c c .  

S i n c e  t h e  e l e c t r o n s  and v a r i o u s  uranium s p e c i e s  w i l l  have 

numer ica l  v a l u e s  i n  t h e  approximate range  of 0 - 10 20 
p a r t i c l e s / c c ,  t h e  se t  of equa t ions  (7-1) th rough (7-14) i s  

scaled so t h a t  a l l  p a r t i c l e  d e n s i t y  can be e x p r e s s e d  as 

dirnensionless.variables, Ci, where 0 C 1. Div id ing  

each term i n  (7-1) th rough (7-14) by NTOT g i v e s  t h e  fo l lowing  

set  of s c a l e d  equa t ions .  

- i -  

c c  * 
2 e =  K, 

l. 
c1 

L L  * 3 e  - = K, 
L 

c2 

A " 

* 
= K,, 

I L  

5 2  
(8-12) 
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13 

ce = 1 zici 
i=l 

1 = ce + 1 ci 
i=l 

where 

Ni ci - - 
NTOT 

Ne c, = - 
* N~~~ 

Ki 

NTOT 

* 
Ki = - 

From (8-1) through (8-12), 

- c1 * C2 - - K1 
C e  

- c3 * I Cq - - K3 - 
r 9  

e b 

* * *  c 1  
- K1 K2 K3 
ce % 

K; 
= - 

3 3 

(8-13) 

(8-14) 
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I n  g e n e r a l ,  

where 
# i *  

j 
Ki = I 1 X  

j=1 

From (8-13) and ( 9 1 ,  

13 
= 1 zici 
i=l 

13 

i = 2  
= 1 zi .~ 

i-1 
ce. 

0 

Ki-l 
‘i 
i-l 

‘e 

l3 13 
1 = ce + ci = ce + c1 + 1 ci 

i=l i = 2  

13 
1 

Ki-1 

ce 

l = C  + C 1 ( 1 + C  
e i -2  i-1 

S o l v i n g  for C1 from ( 1 0 )  and (11) and equa t ing  t h e  r e s u l t s ,  

1-c, c,  = ce - 
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or 

+ C;l 

13 

C zi 
i = 2  i-1 

‘e e L 

For  a given  t empera tu re  and p r e s s u r e ,  F(P,T,Ce) = F(Ce) becomes 

a polynomial  f u n c t i o n  i n  Ce. 

a c t i v e  method. 

Equat ion  ( 1 6 )  i s  s o l v e d  by an i t e r -  

T h e  s o l u t i o n  gives  t h e  electron f r a c t i o n  Ce. 

ce-1 
+ = o  ‘e 

13 4 13 
1‘i-l 

1 +  c Ki-l 

‘e ‘e 

1 z i  
i = 2  i-1 i = 2  i-1 

The e l e c t r o n  d e n s i t y  i s  given by Ne = C,NTOT. 

4 ‘lNTOT. 
and N1 = c1 

’ 1 zi 

From (12)  , C1 = 
13 

i = 2  
Ki-l 

i-1 

Ki 

i 
From ( 7 - i )  , Ni+l  = - Ne f o r  i = I, 2, ..... , 13, g i v e s  t h e  

?J 

p a r t i c l e s  d e n s i t i e s  N 2 ,  N3‘ ....., N13. 

?Jet N l - ,  N2‘ 0 0 0 0 r f  N13,  then  comple te ly  d e s c r i b e  t h e  uranium 

plasma con?os i t i on .  

The p a r t i c l e  d e n s i t i e s  
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Low Temperature Equat ions  

For  t empera tu res  less t h a n  10, @ O O o I < ,  the i t e r a t i v e  

method f o r  s o l v i n g  equa t ion  (14) does n o t  r e a d i l y  converge.  

Although uranium i s  n o t  h i g h l y  i o n i z e d  a t  t empera tu res  below 

10,OOO°K, a knowledge of t h e  l o w  t empera tu re  uranium plasma 

composi t ion is n e c e s s a r y  i n  order t o  describe i n i t i a l  or 

s t a r t u p  c o n d i t i o n s  i n  a gaseous-core r e a c t o r ,  

mathemat ica l  fo rmula t ion  is used  t o  c a l c u l a t e  tne plasma com- 

A d i f f e r e n t  

p o s i t i o n  a t  low t empera tures ,  

I n  t he  t empera tu re  range from l O O O O K  t o  10,OOO°K, t h e  

o n l y  s p e c i e s  t h a t  are p r e s e n t  i n  s i g n i f i c a n t  q u a n t i t i e s  are 

Uo, U', and e. 

i o n i z a t i o n  and recombinat ion of t h e s e  t h r e e  s p e c i e s  

A s i n g l e  r e a c t i o n  accoun t s  f o r  t h e  e q u i l i b r i u m  

UO Z U+ + e 

The cor responding  Saha equa t ion  is 

U0 h2 

The t o t a l  p a r t i c l e  d e n s i t y  is 

u (UO) 

P = - = uo + U+ + e *TOT kT 

The cha rge  n e u t r a l i t y  is given by 

U+ = e 

(17) 

(19) 
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0 Using pl1 = u , N~ = u+, N~ =: e, and 

(lb), (19)  and (20) are s i m p l i f i e d  as 

= ri + N* + lie M~~~ 1 

N2 = Ne ( 2 3 )  

Div id ing  each t e r m  i n  (21), ( 2 2 )  and (23) by NTOT and combining 

t h e s e  e q u a t i o n s  g i v e s  

* * 
Ce2 + 2 K  C, - K = 0 

where 

The s o l u t i o n s  of ( 2 2 )  are 

,/?> 1 and t h e  p o s i t i v e  r a d i c a l  must be S i n c e  K > 0, 
* 

K 
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used  t o  g i v e  a p o s i t i v e  va lue  of t h e  e l e c t r o n  c o n c e n t r a t i o n .  

The l o w  t empera tu re  plasma composi t ion i s  t h e n  g iven  by 

*1 = N~~~ - 2Ne 

N2 = Ne 

Uranium P a r t i t i o n  Funct ions  

The p a r t i t i o n  f u n c t i o n s  appea r ing  i n  t h e  g e n e r a l  Saha 

e q u a t i o n  (2) a r e  f u n c t i o n s  of t h e  plasma t empera tu re  and t h e  

e lec t ron  c o n f i g u r a t i o n  of t h e  uranium atom o r  ion .  

e l e c t r o n i c  p a r t i t i o n  func t ion  of i - t i m e s  i o n i z e d  uranium i s  

g iven  by 

The 

where 

g i t j  = s t a t i s t i c a l  weiqht  of t h e  j - t h  t e r m  of 

i = t imes i o n i z e d  uranium 

= e x i t a t i o n  energy  level of t h e  j - t h  term X i ,  j 
of i = times i o n i z e d  uranium 
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The ground s t a t e  s t a t i s t i c a l  weight  f o r  t h e  i - t i n e s  i o n i z e d  

uranium i s  [ 6 ]  

where 

= s p i n  a n g u l a r  momenturn of ground s t a t e  i o n  'i ,o 

= o r b i t a l  angu la r  momentum of ground s t a t e  i on .  i ,o L 

Since  expe r imen ta l  d a t a  from which Lila and Si lo  cou ld  be 

de te rmined  are n o t  p r e s e n t l y  a v a i l a b l e ,  t h e  i s o - e l e c t r o n i c  

approximation i s  used t o  c a l c u l a t e  t h e  ground s t a t e  s t a t i s t i c a l  

weights . [7]  

v a l u e s  of t h e  n e u t r a l  i t e m w h i c h  has  t h e  same number of o r b i t a l  

e l e c t r o n s  as t h e  uranium ion ,  a r e  used  t o  c a l c u l a t e  gi,o. 

For  a p a r t i c u l a r  uranium ion, t h e  r,i,o and Si,o 

When (a)  t h e  h i g h e r  energy l e v e l s  are wide ly  s e p a r a t e d ,  

o r  (b) t h e  plasma tempera ture  i s  low, or (c) t h e  s t a t i s t i c a l  

we igh t s  o f  h i g h e r  l e v e l s  are s m a l l ,  t h e n  t h e  h i g h e r  terms i n  t h e  

series (26) are n e g l i g i b l e ,  Under any of  t h e s e  c o n d i t i o n s  t h e  

ground s t a t e  s t a t i s t i c a l  weight i s  a good approximation t o  t h e  

p a r t i t i o n  f u n c t i o n .  For a uranium plasma, it i s  d e s i r a b l e  t o  

o p e r a t e  a t  h igh  tempera tures  . From r a t h e r  e x t e n s i v e  s p e c t r o -  

s c o p i c  d a t a  [ 3 ]  , it i s  seen t h a t  t h e  f i r s t  energy  l e v e l  of Uo 

is  less t h a n  0 . 0 1  e v  above t h e  ground s t a t e  and a l s o  t h a t  t h e  

s t a t i s t i c a l  we igh t s  do n o t  become n e g l i g i b l e .  Thus it appea r s  

t h a t  c o n d i t i o n s  (a) , ( b )  and (c) a r e  n o t  s a t i s f i e d  and t h u s  t h e  

p a r t i t i o n  f u n c t i o n  should c o n t a i n  h i g h e r  terms. Many of t h e s e  
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terms can be e v a l u a t e d  from t h e  data  of R e f .  3 .  However, s i n c e  

t h e  energy  levels and s t a t i s t i c a l  we igh t s  of t h e  e x c i t e d  s t a t e s  

are c u r r e n t l y  available only f o r  Uo, t h i s  program u s e s  t h e  

ground s t a t e  s t a t i s t i c a l  weight  a5 t h e  p a r t i t i o n  f u n c t i o n  for 

t h e  uranium atom and a l l  uranium i o n s .  

used  f o r  t h e  Uo p a r t i t i o n  f u n c t i o n  while on ly  t h e  ground s t a t e  

t e r m s  were used  for t h e  ions,  t h e  error would be g r e a t e r  t h a n  

t h e  error i n c u r r e d  by t h e  p r e s e n t  approximation.  

If h i g h e r  t e r m s  were 

Lowering of I o n i z a t i o n  P o t e n t i a l s  

The u n c o r r e c t e d  i o n i z a t i o n  p o t e n t i a l s ,  as g iven  i n  t h e  

Appendix, r e p r e s e n t  the energy r e q u i r e d  f o r  t h e  i o n i z a t i o n  of an 

i s o l a t e d  uranium atom o r  ion. A t  h i g h  p r e s s u r e s  t h e  plasma 

d e n s i t y  i n c r e a s e s  u n t i l  t h e  atoms and i o n s  can no l o n g e r  be  

c o n s i d e r e d  as i s o l a t e d .  The i o n i z a t i o n  r e a c t i o n  i s  t h e n  i n f l u -  

enced  by plasma m i c r o f i e l d s  associated wi th  e l e c t r o s t a t i c  

p o l a r i z a t i o n  (Dehye e f f e c t )  and i n t e r a c t i o n s  between neigh-  

b o r i n g  charged s p e c i e s  ( l a t t i c e  e f f e c t ) .  The t o t a l  e f fec t  

i s  a lower ing  of t h e  energy r e q u i r e d  €or i o n i z a t i o n  of each  

s p e c i e s ,  t h e  e f f e c t  i n c r e a s i n g  wi th  i n c r e a s i n g  i o n  charge .  

C o r r e c t i o n s  are made f o r  t h i s  p o t e n t i a l  lower ing  by u s i n g  

an e f f e c t i v e  i o n i z a t i o n  p o t e n t i a l ,  E , eff 

which i s  cornputed as 

Ei e f f  = Ei - AEi 

for t h e  r e a c t i o n  

~~ 
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where 

Ei = uncorrec ted  i o n i z a t i o n  p o t e n t i a l  

AEi =: lower ing  of i o n i z a t i o n  p o t e n t i a l .  

The amount of lower ing  i s  given by 

AEi = 2(2. + 1) e3 ( n / k T ) l l 2  (Ne + 1 Zi 2 Ni) 1 / 2  
i=2 3. 

where 

= charge of i - t h  ion 

e = e l e c t r o s t a t i c  charge of t h e  electron 

Ne = e l e c t r o n  d e n s i t y  

Ni = i - t h  ion density. 
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PROGRAM DESCRIPTION 

The c a l c u l a t i o n  flow of UPLAZ i s  a s  follows: 

1. 

2.  

3.  

4 .  

5. 

6. 

7. 

8. 

I n p u t  data  i s  read i n  and p r i n t e d  o u t .  

T o t a l  p a r t i c l e  d e n s i t y  and t h e  e x p o n e n t i a l  f a c t o r s  

Ti = exp(-Ei/kT) are c a l c u l a t e d .  

P a r t i t i o n  f u n c t i o n s  are de termined  and t h e  f u n c t i o n s  

Ki(T) are c a l c u l a t e d  u s i n g  ( 5 ) .  

The f u n c t i o n s  Ki (T) and Ki (TI a r e  e v a l u a t e d  u s i n g  

(9) and (11) . 
Equat ion  (16 )  i s  solved by i t e r a t i n g  on t h e  e l e c t r o n  

f r a c t i o n ,  Ce. 

The p a r t i c l e  d e n s i t y  of each  s p e c i e s  is c a l c u l a t e d .  

The lower ing  of the  i o n i z a t i o n  p o t e n t i a l  of each 

s p e c i e s  i s  determined from (31) .  

S t e p s  2 through 8 are r e p e a t e d  u s i n g  t h e  corrected 

i o n i z a t i o n  p o t e n t i a l s .  

* 4 
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INPUT AND OUTPUT DATA 

The i n p u t  d a t a  c o n s i s t s  of one c a r d  c o n t a i n i n g  t h e  

p r e s s u r e  and tempera ture  i n  2E12.6 format  a s  follows: 

Columns 1-12 P (a tmospheres)  

Columns 13-24 T ( O K )  . 
M u l t i p l e  cases can be run by c o n s e c u t i v e l y  s t a c k i n g  o n e  d a t a  

c a r d  p e r  case .  

The o u t p u t  d a t a  i n c l u d e s  t h e  t o t a l  p a r t i c l e  d e n s i t y ,  

maximum degree  of i o n i z a t i o n ,  l ower ing  of i o n i z a t i o n  p o t e n t i a l s  

i n  ev, and the  number d e n s i t y ,  p a r t i a l  p r e s s u r e ,  and p e r  c e n t  

of uo, u+, u++, . .*.*,  u 12+ and e. 
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SAIOLE PROBLEM 

The uranium plasma composi t ion was c a l c u l a t e d  f o r  a 

p r e s s u r e  of 1 0 0  atmospheres and a t empera tu re  of 50,000°K. 

The r e s u l t i n g  p r i n t o u t  i s  given on pages 20  and 21 .  The c a l c u l a t e d  

t o t a l  p r e s s u r e ,  t o t a l  p e r  c e n t ,  and p e r  c e n t  d i f f e r e n c e  i n  

p o s i t i v e  and n e g a t i v e  charge i n d i c a t e  t h e  computa t iona l  

degree of accuracy.  
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APPENDIX 

The t h e o r e t i c a l  i o n i z a t i o n  p o t e n t i a l s  used by t h e  program 

are v a l u e s  which were calculated by J. T. Xaber, D. Liberman, 

and !I. T .  Crozer [l]. These valt?es are as follows: 

A t o m  o r  I c n  

U 

u+ . 

U++ 

u3+ 
u4+ 

u5+ 
U6+ 

u7+ 
U8+ 

u9+ 
u l o +  
ull+ 

I o n i z a t i o n  
P o t e n t i a l  (ev) 

6.11 

1 1 . 4 6  

17.94 

31.14 

46,03 

61.82 

87.93 
101.1 

115.0 

128.9 

157.9 

178.5 

The i o n i z a t i o n  F o t e n t i a l s  are s u c c e s s i v e  r a t h e r  t h a n  cumula t ive ,  

i .e . ,  t h e  i o n i z a t i o n  p o t e n t i a l  f o r  U9+ is t h e  energy  fo r  t h e  

re act  i o n  

u9+ -* u lo+ + e 
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The iso-electronic ground state statistical weights used 

by the program are as follows: [2] 

Atom or Ion 

U 

U+ 

U++ 

u3+ 
u4+ 
u5+ 
U6+ 

u7+ 

U8+ 

u9+ 
ulo+ 

ull+ 

u12+ 

Ground State 
Statistical TJeight (gi ,o) 

85 

52  

21 

10 

1 

2 

1 

6 

9 

4 

9 

6 

1 

. 



-24-  

R E F E X N C E S  

1. J. T. Waber, D. Liberman, and D. T. C r o m e r ,  " I o n i z a t i o n  
P o t e n t i a l s  of Uranium, " NASA B u l l e t i n  t o  D i s t r i b u t i o n  
L i s t  € o r  Gaseous-Core Nuclear  Rockets ,  June  30,  1966. 

2.  American I n s t i t u t e  of Phys ic s  Handbook, 2nd e d i t i o n ,  
M c G r a w - H i l l  Book C o . ,  N. Y. 1963. 

3 .  D. W. S t e i n h a u s ,  J. Blaise  and M. D i r i n g c r ,  " P r e s e n t  
S t a t u s  of t h e  Analys is  of t h e  A r c  Spectrum of t h e  
Analys is  of t h e  A r c  Spectrum of Uranium ( U I ) ,  "Los  A l a m o s  
S c i e n t i f i c  Laboratory,  LA-3475, UC-34, Phys ic s  TID-4500, 
1 9 6 6 .  

4 .  M. McChesney, "Debye-Htickel Plasma C o r r e c t i o n s , "  A I A A  

5. 54.  Zimmermann, "Zusamense tzung,  Thermodynamische 

J o u r n a l ,  Vol. 1, N o .  7 ,  1963. 

Zus tandsfunkt ionen ,  T r a n s n o r t g r b s e n  und S t r ah lungs -  
emiss ion  von Thermisch I o n i s i e r t e m  S t i c k s t o f f  i m  Gleich- 
gewicht ,"  Umpublished Dip lomarbe i t ,  I n s t i t u t  f u r  
Nochtemperaturforschung der  Technischen Hochschule S t u t t -  
g a r t ,  1961. I .  

6. G. Herzberg, Volecular  S p e c t r a  and Yolecu la r  S t r u c t u r e ,  
V o l .  2 ,  I n f r a r e d  and 9aman S p e c t r a  of Polyatomic 
Molecules,  D. Van Nostsand Co., Inc . ,  New York, 1945. 

7. Handbook of Phys ic s ,  E .  U .  Condon and H. %ishaw, e d i t o r s .  
M c G r a w - H i l l  Book Co., N e w  York, 1958. 

8.  H .  14. Drawin and P. Felenbok, D a t a  f o r  Plasmas i n  Local 
Thermodynamic Equ i l ib r ium,  G a u t h i e r - V i l l a r s ,  P a r i s ,  1965, 



. 

ACKNOYLEDGEVENT 

I thank H .  E. W i l h e l m  for Proposing t h e  s u b j e c t  
and his help i n  s e t t i n g  up t h e  equations. 


